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Abstract
We provide a Lagrangian formulation of N=4 supersymmetric mechanics describing the motion of
an isospin carrying particle on conformal to hyper-Ka¨hler spaces in a non-Abelian background gauge
field. In two examples we discuss in details, this background field is identified with the field of BPST
instantons in the flat and Taub-NUT spaces.
1 Introduction
The N=4 supersymmetric mechanics provide a nice framework for the study of many interesting features
of higher dimensional theories. At the same time, the existence of a variety of off-shell N=4 irreducible
linear supermultiplets in d = 1 [1, 2, 3, 4, 5] makes the situation in one dimension even more interesting,
and just this prompted us to investigate such supersymmetric models themselves, without reference to
higher dimensional counterparts. Being a supersymmetric invariant theory, the N=4 mechanics admits
a natural formulation in terms of superfields living in a standard and/or in a harmonic superspace [6],
adapted to one dimension [7]. In any case the preferable approach to discuss supersymmetric mechanics
is the Lagrangian one.
Being quite useful, the Lagrangian approach has one subtle point, when we try to describe the system
in an arbitrary gauge background. Indeed, when the bosonic metric is conformally flat and the gauge
field Aµ is Abelian, the corresponding (bosonic) Lagrangian can be immediately written as
L ∼ f(x)x˙µx˙µ +Aµ(x)x˙µ + . . . . (1.1)
This Lagrangian can be properly extended by fermionic fields to enjoy N=4 supersymmetry. It admits
a nice superfield formulation [7, 8].
If instead the gauge field is non-Abelian (matrix-valued), then, in order to write the corresponding
Lagrangian, one has to introduce extra variables (ωi, ω¯i) in the fundamental representation of SU(n) [9].
For the simplest case of the SU(2) group the corresponding (bosonic) Lagrangian reads
L ∼ f(x)x˙µx˙µ +AaµIax˙µ +
i
2
(
ω˙iω¯i − ωi ˙¯ωi
)
, (1.2)
where
Ia ∼ iωi (σa)ji ω¯j . (1.3)
Due to the presence of only first order time derivatives in a very specific kinetic term for the isospin
variables (ωi, ω¯i) the latter are “semi-dynamical” ones and become purely internal degrees of freedom
after quantization.
The Lagrangian of the discussed type (1.2) can be also made N=4 supersymmetric by adding the
corresponding fermions [8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. Moreover, it turns out that for constructing the
off-shell supersymmetric Lagrangian one has to include in the game some additional auxiliary fermions
which form the off-shellN=4 supermultiplet with bosonic isospin variables (ωi, ω¯i). Thus, in order to deal
with N=4 supersymmetric mechanics describing the motion of the particle in some non-Abelian gauge
background fields, one has to consider the coupled system of “matter” superfields (xµ and corresponding
fermions) and the auxiliary superfield which contains isospin variables (ωi, ω¯i) together with auxiliary
fermions.
There are different approaches to introduce such auxiliary superfields and couplings with them, but
up to now all constructed models have been restricted to have conformally flat sigma models in the
bosonic sector. This restriction has an evident source - it has been known for a long time that all
linear N=4 supermultiplets can be obtained through a dualization procedure from the N=4 “root”
supermultiplet – N=4 hypermultiplet [18, 19, 20, 21, 22, 23], while the bosonic part of the general
hypermultiplet action is always conformally flat. The only way to escape this flatness situation is to use
nonlinear supermultiplets [24, 25, 26], instead of linear ones.
The main aim of the present paper is to construct the Lagrangian formulation ofN=4 supersymmetric
mechanics on hyper-Ka¨hler spaces in the non-Abelian background gauge fields. To achieve this goal we
will perform two steps
• First, we introduce the coupling of the “matter” N=4 tensor supermultiplet V ij with an auxiliary
fermionic supermultiplet Ψαˆ in a such way to have the proper action for matter fields and isospin
variables (1.2). This procedure was developed in [13]. On this step we still have conformally flat
three-dimensional sigma-model in the bosonic sector.
• As the next step, following [24], we dualize the auxiliary component A of the tensor supermultiplet
into a fourth physical boson, finishing with the action having the hyper-Ka¨hler sigma-model in the
bosonic sector.
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The resulting action contains a wide class of N=4 supersymmetric mechanics describing the motion
of an isospin-carrying particle over spaces with non-trivial hyper-Ka¨hler geometry and in the presence
of a non-Abelian background gauge field. In two examples we discussed in details, these backgrounds
correspond to the field of the BPST instanton in the flat and Taub-NUT spaces.
2 N=4 supersymmetric isospin particles in conformally flat spaces
One of the possible ways to incorporate the isospin-like variables in the Lagrangian of supersymmetric
mechanics is to couple the basic superfields with auxiliary fermionic superfields Ψαˆ, Ψ¯αˆ, which contain
these isospin variables [13]. Such a coupling, being written in a standardN=4 superspace, has to be rather
special, in order to provide a kinetic term of the first order in time derivatives for the isospin variables
and to describe the auxiliary fermionic components present in Ψαˆ, Ψ¯αˆ. Following [13], we introduce the
coupling of auxiliary Ψ superfields with some arbitrary, for the time being, N=4 supermultiplet X as
Sc = − 1
32
∫
dtd4θ (X + g)ΨαˆΨ¯αˆ, g = const. (2.1)
The Ψ supermultiplet is subjected to the irreducible conditions [5]
DiΨ1 = 0, DiΨ2 +DiΨ1 = 0, DiΨ
2 = 0, (2.2)
and thus it contains four fermionic and four bosonic components
ψαˆ = Ψαˆ|, ui = −DiΨ¯2|, u¯i = DiΨ1|, (2.3)
where the symbol | denotes the θ = θ¯ = 0 limit and N=4 covariant derivatives obey standard relations{
Di, Dj
}
= 2iδij∂t. (2.4)
It has been demonstrated in [13] that if the N=4 superfield X is subjected to the constraints [5, 27]
DiDiX = 0, DiD
iX = 0,
[
Di, Di
]
X = 0, (2.5)
then the component action which follows from (2.1) can be written as
Sc =
∫
dt
[
−(x+ g) (ρ1ρ¯2 − ρ2ρ¯1)− i
4
(x+ g)
(
u˙iu¯i − ui ˙¯ui
)
+
1
4
Aiju
iu¯j
+
1
2
ηi
(
u¯iρ¯2 + uiρ2
)
+
1
2
η¯i
(
uiρ
1 + u¯iρ¯
1
)]
, (2.6)
where the new fermionic components ραˆ, ρ¯αˆ are defined as
ραˆ = ψ˙αˆ, ρ¯αˆ =
˙¯ψαˆ. (2.7)
The components of the superfield X entering the action (2.6) have been introduced as
x = X |, Aij = A(ij) = 1
2
[
Di, Dj
]
X |, ηi = −iDiX |, η¯i = −iDiX |. (2.8)
What makes the action (2.6) interesting is that, despite the non-local definition of the fermionic compo-
nents ραˆ, ρ¯αˆ (2.7), the action is invariant under the following N=4 supersymmetry transformations:
δρ1 = −ǫ¯i ˙¯ui, δρ2 = ǫi ˙¯ui, δui = −2iǫiρ¯1 + 2iǫ¯iρ¯2, δu¯i = −2iǫiρ1 + 2iǫ¯iρ2,
δx = −iǫiηi − iǫ¯iη¯i, δηi = −ǫ¯ix˙− iǫ¯jAij , δη¯i = −ǫix˙+ iǫjAji , δAij = −ǫ(iη˙j) + ǫ¯(i ˙¯ηj).(2.9)
In the action (2.6) the fermionic fields ραˆ, ρ¯αˆ are auxiliary ones, and thus they can be eliminated by their
equations of motion
ρ1 =
1
2(x+ g)
ηiu¯
i, ρ2 = − 1
2(x+ g)
η¯iu¯i. (2.10)
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Finally, the action describing the interaction of Ψ and X supermultiplets acquires a very simple form
Sc =
1
4
∫
dt
[
−i(x+ g) (u˙iu¯i − ui ˙¯ui)+Aijuiu¯j + 1
x+ g
ηiη¯j
(
uiu¯j + uju¯i
)]
. (2.11)
Thus, in the fermionic superfields Ψ only the bosonic components ui, u¯i, entering the action with a kinetic
term linear in time-derivatives, survive.
Comparing our action (2.11) with (1.2) one may see that the term describing the interaction with the
gauge field is just (one has firstly to rescale isospin variables to bring their kinetic term to the flat form
(1.2))
1
g + x
Aijω
iω¯j , ωi =
√
g + x ui. (2.12)
It is clear that the explicit form of the gauge field could be read off only after expressing the (for the
time being) “auxiliary” components Aij in terms of physical bosons present in the model. Thus, in order
to be meaningful, the action (2.1) has to be extended by the action for the supermultiplet X itself:
S = Sx + Sc = − 1
32
∫
dtd4θF(X) + Sc, (2.13)
where F(X) is an arbitrary function depending on superfield X .
If the superfield X obeying (2.5) is considered as an independent superfield, then the components
Aij (2.8) are auxiliary ones, and they have to be eliminated by their equations of motion. The resulting
action describes N=4 supersymmetric mechanics with one physical boson x and four physical fermions
ηi, η¯j interacting with isospin variables u
i, u¯i. Just this system has been considered in [10, 12, 13].
It is clear that treating the scalar bosonic superfieldX as an independent one is too restrictive, because
the constraints (2.5) leave in this supermultiplet only one physical bosonic component x, which is not
enough to describe the isospin particle. In the present approach, the way to overcome this limitation was
proposed in [15, 17]. The key point is to treat the superfield X as a composite one, constructed from
N=4 supermultiplets with a larger number of physical bosons. The reasonable superfield from which it
is possible to construct the superfield X is the N=4 tensor supermultiplet V ij [28, 29].
Tensor supermultiplet
The N=4 tensor supermultiplet is described by the triplet of bosonic N=4 superfields V ij = V ij sub-
jected to the constraints
D(iVjk) = D(iVjk) = 0, (V ij)† = Vij , (2.14)
which leave in V ij the following independent components:
va = − i
2
(σa)i
jV ij |, λi =
1
3
DjV ij |, λ¯i =
1
3
DjVji |, A =
i
6
DiDjVij |. (2.15)
Thus, its off-shell component field content is (3, 4, 1), i.e. three physical va and one auxiliary A bosons
and four fermions λi, λ¯i [28, 29]. Under N=4 supersymmetry these components transform as follows:
δva = iǫi(σa)ji λ¯j − iλi(σa)ji ǫ¯j , δA = ǫ¯iλ˙i − ǫi ˙¯λi,
δλi = iǫiA+ ǫj(σa)ij v˙
a, δλ¯i = −iǫ¯iA+ (σa)ji ǫ¯j v˙a. (2.16)
Now one may check that the composite superfield
X =
1
|V| ≡
1√VaVa , (2.17)
where Va = − i2 (σa)i jV ij , obeys (2.5) in virtue of (2.14). Clearly, now all components of the X super-
field, i.e. the physical boson x, fermions ηi, η¯i and auxiliary fields A
ij (2.8) are expressed through the
components of the V ij supermultiplet (2.15) as
x =
1
|v| , η
i =
va
|v|3 (λσ
a)i, η¯i =
va
|v|3 (σ
aλ¯)i,
Aij = −3
vavb
|v|5 (λσ
a)i(σbλ¯)j −
va(σa)ij
|v|3 A+
1
|v|3 ǫ
abcvav˙b(σc)ij +
1
|v|3
(
δijλ
kλ¯k − λj λ¯i
)
. (2.18)
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The third term in the above expression for Aij being substituted in the action (2.11) provides us with
the term
AabIav˙b =
1
(g + 1|v| )|v|3
ǫcabvc Ia v˙b, Ic =
1
2
ωi(σc)ji ω¯j , ω
i =
√
g +
1
|v|u
i (2.19)
Thus, for the g = 0 case our gauge field describes the magnetic field of a Wu-Yang monopole [30].
Finally, one should note that, while dealing with the tensor supermultiplet V ij , one may generalize
the Sx action (2.13) to have the full action in the form
S = Sv + Sc = − 1
32
∫
dtd4θF(V) + Sc, (2.20)
where F(V) is now an arbitrary function of V ij . After eliminating the auxiliary component A in the
component form of (2.20) we will obtain the action describing theN=4 supersymmetric three-dimensional
isospin particle moving in the magnetic field of a Wu-Yang monopole and in some specific scalar potential
[15] 1.
To close this Section one should mention that, while dealing with the tensor supermultiplet V ij , the
structure of the action Sc (2.1) can be further generalized to be [17]
Sc = − 1
32
∫
dtd4θ YΨαˆΨ¯αˆ, (2.21)
with Y obeying
∂2
∂va ∂va
Y = 0. (2.22)
Clearly, our choice Y = 1|v| + g corresponds to spherically-symmetric solutions of (2.22).
3 Hyper-Ka¨hler sigma model with isospin variables
One of the most attractive features of our approach is the unified structure of the action Sc (2.1) which
has the same form for any type of supermultiplets, which we are using to construct a composite superfield
X . Just this opens the way to relate the different systems via duality transformations. Indeed, it has been
known for a long time [1, 2, 3, 4, 22, 23] that in one dimension one may switch between supermultiplets
with a different number of physical bosons, by expressing the auxiliary components through the time
derivative of physical bosons, and vice versa. Here we will use this mechanism to obtain the action
with four physical bosonic components starting from the action for the tensor multiplet (2.20). In what
follows, to make some expressions more transparent, we will use, sometimes, the following stereographic
coordinates for the bosonic components of tensor supermultiplet (2.15):
V 11 = 2i
eu
1 + ΛΛ
Λ, V 22 = −2i e
u
1 + ΛΛ
Λ, V 12 = −ieu
(
1− ΛΛ
1 + ΛΛ
)
. (3.1)
The crucial step in the dualization of the last auxiliary field A (2.18) into a fourth physical boson is
the transformation property of the following combination:
Aˆ = Bav˙a − f,a(λσaλ¯) + fA, f,a ≡ ∂
∂va
(3.2)
where
f =
1
|v| , and , B1 = −
v2(v3 + |v|)
(v21 + v
2
2)|v|
, B2 =
v1(v3 + |v|)
(v21 + v
2
2)|v|
, B3 = 0. (3.3)
Indeed, one may easily check that Aˆ transforms as a full time derivative under N=4 supersymmetry.
Therefore, in accordance with the general idea of the dualization procedure one may replace Aˆ by a new
physical bosonic field φ as
Aˆ = φ˙. (3.4)
1An alternative description of the same system has been recently constructed in [16]
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What is much more interesting is that the choice for f and Ba in (3.3) is not unique. It has been proved
in [24] that Aˆ (3.2) transforms as a full time derivative, if the functions f and Ba satisfy the equations
△3f ≡ f,aa = 0, f,a = ǫabcBc,b. (3.5)
Thus, one may construct a more general action for four-dimensional N=4 supersymmetric mechanics
using the component action for the tensor supermultiplet and substituting there the new dualized version
of the auxiliary component A (3.2).
Integrating over theta’s in (2.20) and eliminating the auxiliary fermions ραˆ (2.10), (2.18), we will get
the following component action for the tensor supermultiplet:
S =
1
8
∫
dt
[
F
(
v˙av˙a +A
2
)
+ i
(
ξ˙iξ¯i − ξi ˙¯ξi
)
+ iǫabc
F,a
F
v˙bΣc − iF,a
F
ΣaA− 1
6
△3F
F 2
ΣaΣa
−2i (w˙iw¯i − wi ˙¯wi)+ 4 1 + 3g|v|
F (1 + g|v|)2|v|4 (vaIa) (vbΣb)− 4
g
F (1 + g|v|)2|v| (IaΣa)
− 4i
(1 + g|v|)|v|2 (vaIa) A+
4i
(1 + g|v|)|v|2 ǫabcvav˙bIc
]
, (3.6)
where
F = △3 F(V)|, Ia = i
2
(wσaw¯) , Σa = −i (ξσaξ¯) , (3.7)
and the re-scaled fermions and isospin variables are chosen to be
ξi =
√
F λi, wi =
√
g +
1
|v| u
i. (3.8)
Substituting (3.2) into (3.6), we obtain the resulting action
S =
1
8
∫
dt
[
F
(
v˙av˙a +
1
f2
(
φ˙−Bav˙a
)2)
+ i
(
ξ˙iξ¯i − ξi ˙¯ξi
)
− 2i (w˙iw¯i − wi ˙¯wi)
−i
[
1
f
δab
(
φ˙−Bcv˙c
)
+ ǫabcv˙c
](
F,a
F
Σb +
4
(1 + g|v|)|v|2 vaIb
)
+
4
F
1 + 3g|v|
(1 + g|v|)2|v|4 (vaIa) (vbΣb)−
1
F
4g
(1 + g|v|)2|v| (IaΣa)
+
1
3F 2
(
F,af,a
f
− Ff,af,a
f2
− 1
2
△3F
)
ΣbΣb
]
. (3.9)
The action (3.9) is our main result. It describes a motion of a N=4 supersymmetric four-dimensional
isospin carrying particle in the non-Abelian gauge field with potential
Aµx˙µ = −i
[
1
f
δab
(
φ˙−Bcv˙c
)
+ ǫabcv˙c
]
4
(1 + g|v|)|v|2 vaIb, (3.10)
where xµ = (va, φ). The four-dimensional bosonic metric of our model is defined in terms of two functions:
the bosonic part of the pre-potential F (3.7) and the harmonic function f (3.5). The supersymmetric
version of the coupling with the monopole (second line in the action (3.9)) is defined by the same
harmonic function f and the coupling constant g. In the more general case (2.21), we will have two
harmonic functions - f and Y , besides the pre-potential F .
Among all possible systems with the action (3.9) there is a very interesting sub-class which corresponds
to hyper-Ka¨hler sigma models in the bosonic sector. This case is distinguished by the condition
F = f. (3.11)
Clearly, in this case the bosonic kinetic term of the action (3.9) acquires the familiar form of the one
dimensional version of the general Hawking-Gibbons solution for four-dimensional hyper-Ka¨hler metrics
with one triholomorphic isometry [31]:
Skin =
1
8
∫
dt
[
f v˙av˙a +
1
f
(
φ˙−Bav˙a
)2]
, △3f = 0, rot ~B = ~∇f. (3.12)
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It is worth to note that the bosonic part of N=4 supersymmetric four dimensional sigma models in one
dimension does not necessarily have to be a hyper-Ka¨hler one. This fact is reflected in the arbitrariness of
the pre-potential F in the action (3.9). Only under the choice F = f the bosonic kinetic term is reduced
to the Gibbons-Hawking form (3.12). Let us note that for hyper-Ka¨hler cases the four-fermionic term in
the action (3.9) disappears. This fact has been previously established in [24]. Now we can see that the
additional interaction with background non-Abelian gauge field does not destroy these nice properties.
Among all possible bosonic metrics one may easily find the following interesting ones.
Conformally flat spaces.
There are two choices for the function f which correspond to the conformally flat metrics in the bosonic
sector. Both of them with
f =
1
|v| and f = const, Ba = 0 (3.13)
give rise to supersymmetric mechanics with the hypermultiplet describing the particle moving in the field
of a BPST instanton [17].
Let us remind that in both these cases we have not specified the pre-potential F yet. Therefore, the
full metrics in the bosonic sector is defined up to this function.
Taub-NUT space.
One should stress that the previous two cases are unique, because only for these choices of f the resulting
action (3.9) can be formulated in terms of linear N=4 hypermultiplet [18, 19, 20, 21]. With other
solutions for f we come to the theory with the nonlinear N=4 hypermultiplet [24, 25]. Among the
possible solutions for f which belongs to this new situation the simplest one corresponds to one center
Taub-NUT metrics with
f = p1 +
p2
|v| , p1, p2 = const. (3.14)
In order to achieve the maximally symmetric case, we will chose these constants as
p1 = g, p2 = 1 → f = g + 1|v| . (3.15)
With such a definition f coincides with the function Y = g + 1|v| (2.21) entering in our basic action Sc
in (2.1), (2.17). To get the Taub-NUT metrics, one has also to fix the pre-potential F to be equal to
f . The resulting action which describes the N=4 supersymmetric isospin carrying particle moving in a
Taub-NUT space reads
STaub−NUT =
1
8
∫
dt

(g + 1|v|
)
v˙av˙a +
1(
g + 1|v|
) (φ˙−Bav˙a)2 + i(ξ˙iξ¯i − ξi ˙¯ξi)− 2i (w˙iw¯i − wi ˙¯wi)
+
i
(1 + g|v|)|v|2

 va(
g + 1|v|
) (φ˙−Bcv˙c)− ǫabcvbv˙c

 (Σa − 4Ia)
+
4(1 + 3g|v|)
(1 + g|v|)3|v|3 (vaIa) (vbΣb)−
4g
(1 + g|v|)3 (IaΣa)
]
. (3.16)
The bosonic term in the second line of this action can be rewritten as
AaIa = i
2
[
1
f
∂ log f
∂va
(
φ˙−Bcv˙c
)
− ǫabc ∂ log f
∂vb
v˙c
]
Ia, (3.17)
where f is defined in (3.15). In this form the vector potential Aa coincides with the potential of a
Yang-Mills SU(2) instanton in the Taub-NUT space [32, 33], if we may view Ia, as defined in (3.7),
as proper isospin matrices. The remaining terms in the second and third lines of (3.16) provide a
N=4 supersymmetric extension of the instanton.
Finally, to close this Section, let us note that more general non-Abelian backgrounds can be obtained
from the multi-centered solutions of the equation for the harmonic function Y (2.22), which defined
the coupling of the tensor supermultiplet with auxiliary fermionic ones. Thus, the variety models we
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constructed are defined through three functions: pre-potential F (2.20) which is an arbitrary function,
3D harmonic function Y (2.21), (2.22) defining the coupling with isospin variables and, through, again
3D harmonic, function f (3.2), (3.5) which appeared during the dualization of the auxiliary component
of the tensor supermultiplet. It is clear that we can always redefine F to be F = F˜ f . Thus, all our
models are conformal to hyper-Ka¨hler sigma models with N=4 supersymmetry describing the motion of
a particle in the background of non-Abelian field of the corresponding instantons.
4 Conclusion
In the present paper we constructed the Lagrangian formulation of N=4 supersymmetric mechanics
with hyper-Ka¨hler sigma models in the bosonic sector in the non-Abelian background gauge field. The
resulting action includes the wide class of N=4 supersymmetric mechanics describing the motion of an
isospin-carrying particle over spaces with non-trivial geometry. In two examples we discussed in details,
the background fields are identified with the field of BPST instantons in the flat and Taub-NUT spaces.
The approach we used in the paper utilized two ideas: (i) the coupling of matter supermultiplets with
an auxiliary fermionic supermultiplet Ψαˆ containing on-shell four physical fermions and four auxiliary
bosons playing the role of isospin variables and (ii) the dualization of the auxiliary component A of
the tensor supermultiplet into a fourth physical boson. The final action we constructed contains three
arbitrary functions: the pre-potential F , a 3D harmonic function Y which defines the coupling with isospin
variables and, again 3D harmonic, a function f which appeared during the dualization of the auxiliary
component of the tensor supermultiplet. The usefulness of the proposed approach is demonstrated by
the explicit example of the simplest system with non-trivial geometry - the N=4 supersymmetric action
for one-center Taub-NUT metrics. We identified the background gauge field in this case, which appears
automatically in our framework, with the field of the BPST instanton in the Taub-NUT space. Thus,
one may hope that the other actions will possess the same structure.
Of course, the presented results are just preliminary in the full understanding of N=4 supersymmetric
hyper-Ka¨hler sigma models in non-Abelian backgrounds. Among interesting, still unanswered questions,
one should note the following ones:
• The full analysis of the general coupling with an arbitrary harmonic function Y has yet to be carried
out.
• The structure of the background gauge field has to be further clarified: is this really the field of
some monopole (instanton) for any hyper-Ka¨hler metrics?
• The Hamiltonian construction is really needed. Let us note that the Supercharges have to be very
specific, because the four-fermions coupling is absent in the case of HK metrics!
• It is quite interesting to check the existence of the conserved Runge-Lenz vector in the fully super-
symmetric version.
• The explicit examples of other hyper-Ka¨hler metrics (say, multi-centered Eguchi-Hanson and Taub-
NUT ones) would be very useful.
• The questions of quantization and analysis of the spectra, at least in the cases of well known,
simplest hyper-Ka¨hler metrics, are doubtless urgent tasks.
Finally, let us stress that our construction is restricted to the case of hyper-Ka¨hler metrics with
one translational (triholomorphic) isometry. It will be very interesting to find a similar construction
applicable to the case of geometries with rotational isometry. We hope this can be done within the
approach discussed in [34].
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